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We present a theoretical study of resonant frequencies and spatial correlations of Josephson phases
in frustrated arrays of Josephson junctions. Two types of one-dimensional arrays, namely, the
diamond and sawtooth chains, are discussed. For these arrays in the linear regime the Josephson
phase dynamics is characterized by multiband dispersion relation ω(k), and the lowest band becomes
completely flat at a critical value of frustration, f = fc . In a strongly nonlinear regime such
critical value of frustration determines the crossover from non-frustrated (0 < f < fc) to frustrated
(fc < f < 1) regimes. The crossover is characterized by the thermodynamic spatial correlation
functions of phases on vertices, ϕi, i.e. Cp(i− j) = 〈cos[p(ϕi − ϕj)]〉 displaying the transition from
long- to short-range spatial correlations. We find that higher-order correlations functions, e.g. p = 2
and p = 3, restore the long-range behavior deeply in the frustrated regime, f ' 1. Monte-Carlo
simulations of the thermodynamics of frustrated arrays of Josephson junctions are in good agreement
with analytical results.
I. INTRODUCTION
Great attention has been devoted to theoretical and
experimental study of dynamics of various systems of
interacting nonlinear oscillators. Interesting effects,
e.g. collective (synchronized) behavior,1,2 electromag-
netic field induced dynamic metastable states,3 solitons
and breathers,4,5 just to name a few, were predicted and
observed in diverse solid state systems.
In the linear regime the dynamics of complex networks
of interacting oscillators is characterized by a multiband
dispersion relation ωm(k), where k is the wave vector of
the extended linear excitations and m is the band index.
The dispersion relation can be probed by a resonant re-
sponse of a system to a small external time-dependent
perturbation.3,6
In Ref. 7 it was predicted that the spectrum of elec-
tronic excitations of the Lieb lattice contains a flatband.
Lately flatbands were identified theoretically in various
one- and two-dimensional lattices8–12 and several meth-
ods to engineer flatbands were suggested.13–18 Flat bands
have been observed experimentally in magnetic and high-
Tc superconducting materials,
19,20 and they have been
implemented in photon lattices,21 exciton-polariton con-
densates,22 and arrays of superconducting Josephson
junctions.23
Dynamics of electrons, photons or phonons on lattices
supporting flatbands shows interesting physical proper-
ties: magnetic phase transitions,8 localization in absence
of disorder — appearance of compactons: eigenstates
strictly localized on few sites, destructive interference of
electromagnetic waves propagating in such lattices. In
presence of disorder or non-linearity the flatband spec-
trum leads to solitons with non-exponential tails,24 Fano
resonances in the scattering of electromagnetic waves on
nonlinearities,13 and topological effects, e.g. preservation
of topological flatbands in applied magnetic field.25
The case of Josephson junctions is of special inter-
est since the current technology allows one to engineer
arbitrary one- and two-dimensional lattices of coupled
Josephson junctions. Furthermore, external magnetic
fields allow one to change the ground state and the dis-
persion relation ω(k) of linear oscillations in these sys-
tems. E.g. it was shown theoretically that a simple di-
amond chain of identical Josephson junctions exhibits a
classical (quantum) phase transition at specific strengths
of the applied magnetic field.10,26,27 This phenomenon
was dubbed 4e- condensation at variance with the usual
2e-condensation occurring in simple Josephson junction
arrays (lattices). Some evidences in support of such a
4e-condensation have been reported in Ref. 23.
In this paper we present a systematic study of dynamic
and thermodynamic properties of frustrated Josephson
junction arrays. In these periodic arrays the Josephson
couplings in a single cell can have alternating signs giving
rise to frustration, which is quantified by a frustration
parameter f , and the properties of the arrays, namely,
resonant frequencies and ground states depend strongly
on the value of f . In particular, we find a crossover be-
tween non-frustrated and frustrated regimes character-
ized by the critical value, f = fc, and study in detail
the frustrated regime, fc < f < 1. We show that the
lowest band in the linear spectrum ω(k) turns flat at
f = fc, and this can be considered as the precursor of
the crossover. The most spectacular difference between
the non-frustrated and frustrated regimes is in the prop-
erties of the ground states. The ground state in non-
frustrated regime is unique, with all Josephson phases
equal to zero. In contrast, the ground state in frustrated
regime is macroscopically degenerate and the Josephson
phases can take two different sets of values in each cell of
the array. Note that at variance with previous works in
this field10,26,27 where high degeneracy occurred at a sin-
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2FIG. 1. (Color online) Schematic figure of frustrated networks
of Josephson junctions (indicated by crosses): the diamond
(top) and sawtooth (bottom) chains. The phases ϕ of the
vertices and the Josephson couplings αij in a single cell are
shown.
gle value of f , this highly degenerate ground state occurs
in a range of frustration values, fc < f < 1.
Experimental realizations of such arrays requires
Josephson couplings of different signs. Such Joseph-
son couplings are provided by the so-called pi-
Josephson junctions that can be fabricated on ba-
sis of superconductor-ferromagnet-superconductor junc-
tions,28 or various multi-junctions SQUIDS in externally
applied magnetic field.29
The paper is organized as follows: In Section II we
introduce models of frustrated arrays of Josephson junc-
tions: the diamond and the sawtooth chains. Next we
define the Lagrangian, partition function and dynamic
equations of the systems. In Section III we analyze the
linearized dynamics of the frustrated arrays, derive the
dispersion relation ω(k) and study its dependence on
the frustration strength f . Section IV is devoted to the
derivation of the thermodynamic spatial correlation func-
tions as functions of temperature and frustration, and
detailed discussion of the crossover between frustrated
and non-frustrated regimes. Section V presents numeri-
cal support for the analytical results of the previous sec-
tions by the Monte-Carlo simulations. Section VI pro-
vides conclusions.
II. MODEL, LAGRANGIAN, PARTITION
FUNCTION AND DYNAMIC EQUATIONS
The diamond and the sawtooth chains are shown in
Fig. 1. Every vertex i of the network is characterized by
a time-dependent phase, ϕi(t). Nearest neighbor vertices
are binded by Josephson type non-linear oscillators, and
therefore, the Lagrangian of network is as follows:
L{ϕi, ϕ˙i} = EJ
∑
i
ϕ˙2i
2ω2p
+
∑
〈ij〉
αij cos(ϕi − ϕj)
 , (1)
where 〈ij〉 are the two nearest neighbor vertices coupled
by a Josephson junction, EJ and ωp are the Josephson
coupling strength and the plasma frequency, respectively.
αij are the relative Josephson coupling strength of the ij-
bond. The set of dynamic equations is then written as:
EJ
ω2p
ϕ¨i(t) =
∂L
∂ϕi
. (2)
Thermodynamic properties are given by the partition
function Z that can be expressed through the path inte-
gral in the imaginary time-representation:
Z =
∫
D[ϕn(τ)] exp
[
1
~
∫ ~/(kBT )
0
L{ϕn, ϕ˙n, iτ}dτ
]
.
(3)
The spatial correlations in the network of Josephson
junctions are characterized by the correlation functions,
Cp(n), that are defined as:
Cp(n) =
1
Z
∫
D[ϕm(τ)] cos[p(ϕ0 − ϕn)]×
× exp
[
1
~
∫ ~/(kBT )
0
L{ϕm, ϕ˙m, iτ}dτ
]
. (4)
Next we use the generic Eqs. (1–4) to analyze the
dynamic and thermodynamic properties of the frustrated
arrays of coupled Josephson junctions. The frustrated ar-
rays are characterized by specific distribution of Joseph-
son coupling strengths, αij , which display alternating
signs of the couplings in every unit cell.
III. LINEAR REGIME: DISPERSION
RELATION ω(k)
A. Diamond chain
The state of the diamond chain of Josephson junc-
tions is described by three phases per unit cell, ϕn =
{ϕ0,n, ϕ+,n, ϕ−,n} (see the top part of Fig. 1. The dis-
tribution of Josephson coupling strength in a single cell
is chosen as α1 = α2 = α3 = 1 and α4 = α. The param-
eter α can take values from 1 to −1. For convenience,
we define the frustration parameter α = 1 − 2f vary-
ing from 0 (non-frustrated arrays) to 1 (maximal frus-
tration). The precise choice of α4 is not important, and
it can be swapped with any other αi. As we linearize
Eq. (2) around the uniform solution, the dynamic equa-
tions become
1
ω2p
ϕ¨+,n = ϕ0,n + ϕ0,(n+1) − 2ϕ+,n , (5)
1
ω2p
ϕ¨−,n = (1− 2f)ϕ0,n + ϕ0,(n+1) − 2(1− f)ϕ−,n ,
1
ω2p
ϕ¨0,n = ϕ+,n + ϕ+,(n−1) + (1− 2f)ϕ−,n
+ϕ−,(n−1) − 2(2− f)ϕ0,n .
3FIG. 2. (Color online) The dispersion relation ωD(k) for the
diamond chain of Josephson junctions for several values of
the frustration parameter: f = 0 (black lines), f = 0.55 (blue
line), f = 0.65 (red line). Flat bands occur for f = 0 and
f = 2/3. The flatband at f = 2/3 is the lowest one and
marks the transition.
Using periodicity of the system and applying the Fourier
transform with respect to space and time, we obtain the
dispersion relation ωD(k) as solutions of the following
transcendent equation (α = 1− 2f):
− (ω
D)2
ω2p
+ 3 + α =
4 cos2
(
k
2
)
2− ω2 +
(α− 1)2 + 4α cos2 (k2 )
−ω2 + 1 + α
(6)
This equation has three solutions ωDm(k), representing the
three bands which are shown in Fig. 2 for different values
of the frustration parameter f . One can see that flat-
bands occur for two particular values of the frustration
parameter, f = 0 and f = 2/3. In the latter case the flat-
band is the lowest band of the spectrum, indicating the
phase transition and the change of the ground state as the
frustration parameter goes to the region f > fDc = 2/3.
B. Sawtooth chain
Similarly to the previous subsection, here, we ana-
lyze the dynamics of the sawtooth chain of Josephson
oscillators (see the bootom part of Fig. 1). The saw-
tooth chain is described by two phases per unit cell,
ϕn = {ϕ0,n, ϕ+,n}. The Josephson couplings strengths in
a single cell (as shown in Fig. 1) is fixed to α1 = α2 = 1
and α3 = α = 1−2f . The frustration parameter f varies
from 0 to 1. The linearized dynamic equations (2) for
the sawtooth chain are
1
ω2p
ϕ¨+,n = ϕ0,n + ϕ0,(n+1) − 2ϕ+,n , (7)
1
ω2p
ϕ¨0,n = ϕ+,n + ϕ+,(n−1) + (1− 2f)ϕ0,n−1
+(1− 2f)ϕ0,(n+1) − 2(1− 2f)ϕ0,n .
FIG. 3. (Color online) The dispersion relation ω(k) for the
sawtooth chain of Josephson junctions for several values of
the frustration parameter: f = 0 (black lines), f = 0.25
(blue lines), f = 0.5 (green lines), f = 0.75 (red lines). The
flatbands occurring at f = 0.25 and f = 0.75 (the lowest one)
are shown.
The dispersion relation ωST (k) for time and space peri-
odic solution reads
ωST (k) = ωp
{
2 + 2α sin2
k
2
±
√
4α2 sin4
k
2
+ 4 cos2
k
2
}1/2
(8)
There are two solutions for every k corresponding to 2
bands, shown in Fig. 3 for several values of the frustration
parameter f . The flatband occurs+ for two particular
values of the frustration parameter, f = 0.25 and f =
0.75. Again, in the latter case the flatband is the lowest
band of the spectrum, and it marks the change of the
ground state as the frustration parameter goes to the
region f > fSTc = 3/4.
IV. THERMODYNAMICS OF FRUSTRATED
ARRAYS OF JOSEPHSON JUNCTIONS:
SPATIAL CORRELATION FUNCTIONS
In the classical regime the thermodynamic properties
of the arrays of interacting Josephson junctions are de-
scribed by the partition function
Z =
∫
D{ϕi} exp
[
− U
kBT
]
, (9)
where the potential energy U{ϕn} depends on the set of
vertex phases. The correlation functions of interest are
expressed as
Cp(n) =
1
Z
∫
D{ϕi} exp
{
− U
kBT
+ ip[ϕ0,m − ϕ0,m+n]
}
(10)
Note that due to the global symmetry ϕn → −ϕn re-
spected by the energy U the above expression is real.
4A. Frustrated diamond chains
In a particular case of diamond chain the potential
energy is written as
U{ϕn} = −EJ
∑
n
cos[ϕ+,n − ϕ0,n] + cos[ϕ+,n − ϕ0,n+1]
+ cos[ϕ−,n − ϕ0,n+1] + (1− 2f) cos[ϕ−,n − ϕ0,n] (11)
The correlation functions Cp(n) (10) can be computed ex-
actly for the chain by introducing new variables: ϕ+,n −
ϕ0,n = s1n, ϕ0,n+1 − ϕ+,n = s2n, ϕ−,n − ϕ0,n+1 = s3n
and ϕ0,n − ϕ−,n = s4n. New variables satisfy a simple
constraint, s1n+s2n+s3n+s4n = 0. Integrating over s3n
and s1n − s2n the spatial correlation functions evaluate
to
CDp (n) =
{
FDp
FD0
}n
α = 1− 2f,
FDp =
∫ 2pi
0
dueipuI0
[
2K cos
u
2
]
I0
[
K
√
1 + α2 + 2α cosu
]
,
(12)
where K = EJ/(kBT ) and I0(z) is the modified Bessel
function.30 For high temperatures kBT  EJ (K  1)
one obtains the expected strong suppression of correla-
tions
CDp (n) '
[
ηp(f)
EJ
kBT
]2pn
, (13)
where ηp(f) is a smooth function of order one that de-
pends on both p and f . For p = 1 one has explicitly
η1(f) = 1− f .
The situation is less obvious in the low temperature
regime as kBT  EJ (K  1). The spatial decay of
correlation functions strongly depends on the value of
the frustration parameter f . Indeed, for 0 < f < 2/3 the
value u ' 0 gives a most important contribution to the
integrals over u in the Eq. (12), and therefore, the spatial
correlation function displays long-range correlations as
CDp (n) = exp
[
− (1− f)kBT
(2− 3f)EJ p
2n
]
, 0 < f < 2/3 (14)
Thus, one can see that in this regime the correlation
length ξp defined as 1/ξp = − ln[Cp(n)]/n, increases as
ξp ' 1/T with the decrease of temperature T .
However in the highly frustrated regime as fDc =
2/3 < f < 1, the values u = ±u0 =
±2 arccos[√(f)/[2(2f − 1)]] give the most important
contribution to the integrals over u in Eq. (12), and we
obtain a crossover to a regime of short-range correlations
as
CDp (n) = exp
[
−βp(f)kBT
EJ
p2n
]
{cos(pu0)}n, (15)
where βp(f) is a smooth function of p of order one.
FIG. 4. (Color online) The typical spatial dependencies of
the diamond chain correlation functions, CD1 (n) (solid lines)
and CD2 (n) (dashed lines), for different temperatures (top)
and frustrations (bo+ttom). Top: the parameters kBT = EJ
(black line) kBT = 0.1EJ (blue line) and kBT = 0.01EJ (red
line) and the frustration f = 0 were chosen. Bottom: the
frustration f = 0.5 (black lines), f = 0.75 (blue lines) and
f = 1 (red line), kBT = 0.02EJ were chosen.
The correlation functions, CDp=1,2(n), computed for
several values of temperature and frustration are shown
in Fig. 4. As one can see the critical frustration fDc = 2/3
that determines the crossover from long-range to short-
range correlations, coincides with the value of f where
the lowest band in the spectrum ω(k) of linear excitations
turns flat. This corresponds to a transition from unique
ground state u = 0, to a highly degenerate ground state
characterized by two possible values of u = ±u0 that
can be chosen independently for every unit cell. How-
ever, as we turn to higher order correlation functions with
p > 1 we find that e.g. for frustration f ' 1 the value
of u ' pi/2 and the correlation function C2(n) displays
a long-range behavior with sign alternation on adjacent
cells. This indicates the 2e-4e transition predicted and
analyzed in Refs. 10, 26, and 27.
5B. Frustrated sawtooth chains
For the sawtooth chain of Josephson junctions the po-
tential energy U reads
U{ϕn} = −EJ
∑
n
cos[ϕ+,n − ϕ0,n] + cos[ϕ+,n − ϕ0,n+1]
+(1− 2f) cos[ϕ0,n − ϕ0,n+1] (16)
The correlation functions are computed similarly to the
case of the diamond chain: the path integrals in the
Eqs. (9–10) are evaluated by introducing new variables
ϕ+,n − ϕ0,n = s1n, ϕ0,n+1 − ϕ+,n = s2n and ϕ0,n −
ϕ0,n+1 = s3n. The spatial correlation functions are ex-
pressed as ratios CSTp (n) = (F
ST
p /F
ST
0 )
n, where
FSTp =
∫ 2pi
0
dueipuI0
[
2K cos
u
2
]
e−K(1−2f) cosu, (17)
and K and I0 are the same as in the diamond chain
case. For high temperatures kBT  EJ (K  1) the
correlation function CST1 (n) ' [EJ/kBT ]2n shows fast
exponential decay. In the low temperature regime as
kBT  EJ (K  1) the spatial decay of correlation
functions strongly depends on frustration f just like in
the diamond chain case. Indeed, for 0 < f < 0.75 the
value u ' 0 gives the most important contribution to the
integrals over u (17), and the spatial correlation function
displays long-range correlations as
CSTp (n) = exp
[
− kBT
(3− 4f)EJ p
2n
]
, f < 0.75 (18)
In the frustration regime fSTc = 0.75 < f < 1 the values
u = ±u0 = ±2 arccos[1/(4f−2)] give the most important
contribution to the integrals over u in (17), and we find
a crossover to a regime of short-range correlations
CSTp (n) = exp
[
−kBT
EJ
p2n
]
{cos(pu0)}n. (19)
The correlation functions, CSTp=1,3(n), computed for
low temperature and for several values of frustration are
shown in Fig. 5. As for the diamond chain, the critical
frustration fSTc = 3/4 marks the crossover from long-
range to short-range correlations and coincides with the
value of f where the lowest band in the spectrum ω(k) of
linear excitations becomes flat. This indicates the transi-
tion from unique ground state u = 0, to the highly degen-
erate ground state characterized by independent choice
of any of the two values of u = ±u0 in every unit cell.
However, as we turn to higher order correlation functions
with p > 1 we obtain that e.g. for f ' 1 the value of
u ' 2pi/3 and the correlation function C3(n) displays a
long-range behavior. Notice here, that diamond chain
C2(n) displays oscillating behavior with n at f = 1 while
the sawtooth model C3(n) does not oscillate with n. This
difference — sign alternation — does not seem to be re-
lated to the difference in geometry of the two models:
FIG. 5. (Color online) The typical spatial dependencies of
the sawtooth chain correlation functions, CST1 (n) (solid lines)
and CTS3 (n) (dashed lines) for different frustrations: f = 0.6
(black line) and f = 1 (red line). The parameter kBT =
0.02EJ was chosen.
diamond chain is bipartite while sawtooth chain is not.
One can modify the diamond chain model by adding a
coupling between ϕn,+ and ϕn,−, that breaks the chi-
ral symmetry of the Hamiltonian, nevertheless the C2(n)
still shows oscillations as a function of n.
V. SPATIAL CORRELATION FUNCTIONS:
MONTE-CARLO RESULTS
In order to check the analytical predictions we per-
formed classical Monte-Carlo simulations using the
Hamiltonians (11) and (16), treating the vertex phases
ϕ∗,n as classical XY spins ~s∗,n = (cosϕ∗,n, sinϕ∗,n).
We used systems with N = 900 (diamond chain) and
N = 600 (sawtooth chain) sites, each corresponding
to 300 unit cells. A typical run consisted of a simu-
lated annealing where the system was heated up from
kBT = 0.01EJ to 10EJ in 100 steps. A set of correlation
functions Cp(n) with p = 1 . . . 8 was computed during
the annealing.
The Monte-Carlo results fully support the analytical
predictions. Indeed, for both the diamond and sawtooth
chains the spatial correlations are clearly ferromagnetic
for low frustration f (f < 2/3 for diamond and f < 3/4
for sawtooth chains), i.e. the long-range spatial correla-
tions develop in C1(n) as the temperature is lowered to
zero. This behavior is shown in Fig. 6. Once the frustra-
tion f is large enough, both the diamond and the saw-
tooth models show spatial correlations in C1(n) that drop
to zero beyond few nearest unit cells (see Fig. 7). This
observation is quantified with the help of the correlation
length ξ1 extracted from the fitting C1(n) ∝ exp(−n/ξ1)
(see (14) and (18)). As expected ξ1 grows with decreasing
temperature for low frustration. However as f > f
D(ST )
c
, the length ξ1 essentially drops to zero for all tempera-
6FIG. 6. (Color online) The spatial correlation functions of the
first order, i.e. p = 1, for diamond (top) and sawtooth (bot-
tom) chains numerically computed for different temperatures
kBT = 10EJ (red), 0.99EJ(blue) and 0.01EJ (brown). The
frustration f = 0 was used.
tures and remains of order one, i.e. of few unit cells in
the highly frustrated phase f ≥ fD(ST )c .
However there are unexpected spatial correlations hid-
den in the higher order correlation functions Cp(n) with
p > 1. Indeed, the Monte-Carlo simulation for the di-
amond chain with the largest frustration f = 1, shows
that the long-range correlations are restored in CD2 (n)
for low temperatures. This result is displayed in Fig. 9
(similar behavior is observed for the sawtooth chain (not
shown)). While CD1 (n) decays to zero beyond 2 unit cells,
the C2(n) shows long-range oscillatory behavior with sign
alternation. This is in good agreement with the analyti-
cal results (see Fig. 4).
Similarly to the p = 1 case (see Fig. 8) the long-range
correlations developing at f = 1 in the diamond and saw-
tooth chains can be quantified by the correlation lengths
ξ2 and ξ3 (Cp(n) ∝ exp(−n/ξp)) respectively as shown
in Fig. 10. In the low frustration phase f < f
D(ST )
c both
lengths grow with decreasing temperature reflecting the
development of the ferromagnetic ordering, similarly to
an increase of ξ1. The growth is diminishing as the crit-
ical frustration f
D(ST )
c value is approached and spatial
correlations vanish. Upon entering the highly frustrated
FIG. 7. (Color online) The numerically computed spatial cor-
relation functions of the first order, i.e. p = 1, for diamond
(top) and sawtooth (bottom) chains at frustration f = 0.8.
The temperature kBT = 0.01EJ was chosen. At variance
with the low frustration, ferromagnetic regime, the correla-
tion function vanishes beyond few unit cell distances. The
observed fluctuations on larger distances are due to finite tem-
perature and finite size effects.
regime f ≥ fD(ST )c and approaching f = 1 the lengths
again start to show growth with decreasing temperature
and a long-range ordering establishes at f = 1, T = 0.
Similar effect is observed in higher order correlation func-
tions for several other values of f > fc for both models.
VI. CONCLUSIONS
We have studied analytically and using Monte-Carlo
simulations the static and dynamic properties of frus-
trated arrays of Josephson junction classical nonlinear
oscillators. Such periodic arrays are characterized by
Josephson coupling strengths in every cell that can have
different signs. We have considered two models of such
frustrated arrays, namely, the diamond and sawtooth
chains (see Figs. 1).
In the linear regime the dynamics of these arrays is
determined by a multi-band dispersion relation ω(k) (see
Figs. 2 and 3). Such spectrum can be experimentally
accessed through the analysis of the resonant response
7FIG. 8. (Color online) The 2d plot showing the dependence
of correlation length ξ1 on frustration f and temperature T
for diamond (top) and sawtooth (bottom) chains. It was ex-
tracted from the Monte-Carlo computation of the spatial cor-
relations functions C
D(ST )
1 (n). The length ξ1 decreases for
a fixed temperature T as frustration f is increased and es-
sentially it vanishes once the frustration exceeds the critical
value f
D(ST )
c .
of the arrays to an applied small amplitude electromag-
netic wave. We find that the spectrum of frustrated ar-
rays consists of flatbands for particular values of frustra-
tion f . Moreover at the critical value of frustration fc
the lowest band becomes flat, and the transition between
non-frustrated and frustrated nonlinear regimes occurs
at the same value of frustration. We identified the crit-
ical values of frustration f
D(ST )
c for both diamond and
sawtooth chains.
The transition is reflected in the temperature and frus-
tration dependencies of spatial correlation functions of
different orders, Cp(n). In particularly, we obtain that
the Josephson junction diamond and sawtooth chains dis-
play the ferromagnetic order for low frustration, f < fc,
as all Josephson phases (the phase differences between
nearest-neighbor vertices) are equal to zero. The ferro-
magnetic ground state is characterized by the exponential
decay of the spatial correlation function Cp(n), where the
FIG. 9. (Color online) The spatial correlation functions for
the diamond chain, CDp (n) for p = 1 (red line) and p = 2 (blue
line) and f = 1 at kBT = 0.01EJ . The correlation function
with p = 1 drops to zero beyond the second unit cell, while
the p = 2 correlation function shows long-range features. The
fluctuations at large distances are due to stronger fluctuations
in d = 1 systems.
correlation length ξ1 increases with the decreasing tem-
perature. These results are presented in the top part of
Fig. 4 (analytical results) and Fig. 6 (Monte-Carlo sim-
ulations).
At f = fc the transition to the frustrated regime oc-
curs. It is characterized by the appearance of the mas-
sive degeneracy of the ground state, where any of the
two different configurations of the phases, that depend
on the frustration value f , can be chosen independently
for every cell. This results into a drastic suppression of
spatial correlations in the correlation function C1(n) (see
the bottom part of Fig. 4(bottom) and Fig. 5 (analytic
results), and Fig. 7 (Monte-Carlo simulations)). The de-
pendence of correlation length ξ1 on temperature and
frustration is shown as a density plot in Fig. 8.
However, the long-range correlations are recovered in
higher-order correlators Cp(n) with p > 1 deep in the
frustration regime. Indeed, in the limit f → 1 the long-
range correlations have been identified for CD2 (n) for the
diamond chain (see Figs. 4(bottom), 9 and 10(top)) and
CST3 (n) for the sawtooth chain (see Fig. 5 and 10(bot-
tom)). Furthermore, we found that the CD2 (n) changes
sign in every cell. The long-range spatial correlations
of high-order correlation functions indicate the presence
of 2ne-condensation (n is larger than 1) in the frustrated
arrays of Josephson junctions similarly to the model stud-
ied in Ref. 10 where the long-range correlations have been
obtained in C2(n).
It is instructive to compare these results to the pre-
viously studied models of frustrated arrays: the model
elaborated in Ref. 10 shows a massively degenerate
ground state only for a single value of the frustration,
unlike our case, where the degeneracy appears in a whole
region of values of frustration fc < f < 1. It is worth
noting, that the frustration strength f = 1 for which Cp,
8FIG. 10. (Color online) The density plot of the correlation
length ξ2 (top) and ξ3 (bottom) vs. frustration f and tem-
perature T ; brighter color corresponds to larger value of the
correlation lengths. The data are extracted from the Monte-
Carlo simulated C2(n) and C3(n) for the diamond and saw-
tooth chains respectively. For f < f
D(ST )
c the T -dependence
of ξ2, ξ3 follows that of ξ1, reflecting ferromagnetic order-
ing. For f > fDSTc the long-range order is developing in the
higher order spatial correlation functions C2 (diamond) and
C3 (sawtooth) as f → 1.
p = 2 and p = 3 correlators show long-range order for the
diamond and sawtooth chains respectively, is not unique.
There are other values of frustration f where higher or-
der correlators Cp(n) display long-range behavior at low
temperatures. A few examples for the diamond chain
are f = 0.75 with p = 3, f ≈ 0.71 with p = 4, f = 0.81
with p = 5, f ≈ 0.85 with p = 7 and f ≈ 0.78 with
p = 8. Interestingly there are no oscillations in C5(n) for
f = 0.81. The geometry of the diamond and sawtooth
chains studied strongly suggests that similar results hold
for other corner sharing chains. The flatband construc-
tion of Ref. 15 relying on repetition of mini-arrays ap-
pears particularly promising.
Finally, we note that quantum tunneling between two
equivalent states in every cell can result in a unique
ground state and a corresponding crossover between clas-
sical highly degenerated ground state and macroscopic
quantum state at low temperatures.
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